Abstract. For a link with zero determinants, a Z-coloring is defined as a generalization of Fox coloring. We call a link having a diagram which admits a non-trivial Z-coloring a Z-colorable link. The minimal coloring number of a Z-colorable link is the minimal number of colors for non-trivial Z-colorings on diagrams of the link. We give sufficient conditions for non-splittable Z-colorable links to have the least minimal coloring number.
Introduction
In [2] , Fox introduced one of the most well-known invariants for knots and links, now called the Fox n-coloring, or simply n-coloring for n ≥ 2.
For a link L, if the determinant of L is 0, then it is shown that L admits no non-trivial n-coloring for any n ≥ 2. Please refer to [5] for the definition of the determinant of a link for example. In that case, L admits a Z-coloring defined as follows. The links illustrated in Figure 1 and 2 are examples those are Zcolorable. Throughout this paper, we adopt the names of links as those given in [1] . In [4] , Harary and Kauffman defined the minimal coloring number for links with Fox colorings. Here we define the minimal coloring number for Z-colorable links as a generalization. Definition 1.2. Let us consider the cardinality of the image of a nontrivial Z-coloring on a diagram of a Z-colorable link L. We call the minimum of such cardinalities among all non-trivial Z-colorings on all diagrams of L the minimal coloring number of L, and denote it by mincol Z (L).
In this paper, we give sufficient conditions for non-splittable Zcolorable links to have the least minimal coloring number. First, after some preliminaries in Section 2, for a non-splittable Z-colorable link L, we show that mincol Z (L) ≥ 4 in Section 3. Next, we introduce a simple Z-coloring in Section 4, and show that if a link L admits a simple Z-coloring, then mincol Z (L) = 4. Also, in the case that a link L admits a Z-coloring by five colors, then we have mincol Z (L) = 4, which is shown in Section 5.
Preliminaries
Throughout this paper, for a Z-coloring γ, we represent that the colors at a crossing are {a|b|c} if the over arc is colored by b and the under arcs are colored by a and c by γ at the crossing.
In this section, we prepare some basic properties of Z-colorings.
Lemma 2.1. For any Z-colorable link, there exists a Z-coloring γ such that Im(γ) = {0, a 1 , a 2 , · · · , a n } with a i > 0 (i = 1, 2, · · · , n) for some positive integer n.
Proof. We assume that there exists a Z-coloring γ such that
for some positive integer n. We consider a map γ : {arc of the diagram} → Z with Im(γ) = {0, a 1 , a 2 , · · · , a n } obtained by setting a i = b i − α. Then at a crossing on a diagram of the link, the colors {p|q|r} are transformed to {p−α|q− α|r −α}. We see (p−α)+(r −α) = 2(q −α) from p+r = 2q. Therefore the map γ is a Z-coloring such that Im(γ) = {0, a 1 , a 2 , · · · , a n } with a i > 0 (i = 1, 2, · · · , n). Proof. Suppose that a crossing has colors {a|b|c} with a = b = c for a Z-coloring γ with M = maxIm(γ). Then we obtain a > b > c or c > b > a. If we suppose that b = M , then it gives M < c or M < a, contradicting to M = maxIm(γ).
Z-colorings by four colors
In this section, we consider the case that a link can be colored by four colors. First, we can see that any splittable link L is Z-colorable and mincol Z (L) = 2. On the other hand, the next holds for non-splittable links.
Since γ is non-trivial, the cardinality of Im(γ) is greater than 1.
In the case that the cardinality of Im(γ) is 2, we can assume that Im(γ) = {0, a} by Lemma 2.1. By Lemma 2.3 a diagram of L has no crossings with over arcs labeled by a other than {a|a|a}. And it also has no crossings with over arcs labeled by 0 other than {0|0|0}. Therefore the diagram is splittable, and we see that the link is splittable.
In the case that the cardinality of Im(γ) is 3, we can assume Im(γ) = {0, a, b} by Lemma 2. If a link is Z-colorable with four colors, we can show the following.
Proof. Suppose that there exists a Z-coloring γ with four colors. From Lemma 2.1, we can suppose Im(γ ) = {0, a, b, c} with a > 0, b > 0 and c > 0. We assume that c is the maximum of Im(γ ). Since L is a nonsplittable link, we assume 0 < a < b < c. From Lemma 2. Therefore, we obtain Im(γ )= {0, a, 2a, 3a}. By dividing by a, we have a Z-coloring with colors {0, 1, 2, 3} as desired.
Among links of crossing numbers at most 9, there are 5 links with zero determinant. For the Z-colorable links, the colorings on the diagrams in [1] are quite distinctive. See figures in Section 6. In the next section, we consider such distinctive colorings.
Reduction of colors
In this section, we focus on the "simplest" Z-coloring found for the links with at most 9 crossings. Based on such examples, we introduce the following notion. For example, a pretzel knot P (n, −n, n, −n, · · · , n, −n) with integer n admits a simple Z-coloring. See Figure 2 .
The next is our first main result in this paper.
Throughout the rest of the paper, we depict a crossing colored by {a|a|a} with an integer a as shown in Figure 3 . Then we obtain a simple Z-coloring such that the maximum of colors is less than that for the previous one.
Note that after changing the diagram, the common difference is still d or 0. If the maximum of colors for the obtained Z-coloring is at least 4d, then we perform the transformation repeatedly. After all, we obtain a Z-coloring with {0, d, 2d, 3d}. Therefore mincol Z (L) is at most 4. From Lemma 2.2, we see mincol Z (L) = 4.
Z-coloring by five colors
In the previous section, we investigated the case that a diagram with a simple Z-coloring. However, there are many diagrams of Z-colorable links without simple Z-colorings. See Figure 6 for example. In this section, we focus on the case that a diagram is colored by five colors. We first see the following in this case. To prove the theorem above, we use the following notion, which is originally introduced for Fox coloring in [11] . For a Z-coloring on a diagram of a link with at least 2 components, the palette graph can be disconnected. For example, Figure 7 illustrate the palette graph for the link L10n36 with a Z-coloring.
Figure 7. Palette graph for L10n36
Proof of Theorem 5.1. We suppose that a non-splittable Z-colorable link admits a Z-coloring γ with five colors. By Lemma 2.2, without loss of generality, we assume that the image of γ is {0, a, b, c, d} with 0 = a = b = c = d. There are even numbers and odd numbers in the image of γ. A vertex labeled by an even number and a vertex labeled by an odd number are not connected by definition of the palette graph. Since the link is non-splittable, there are at least 2 vertices with even numbers and at least 2 vertices with odd numbers. Furthermore any vertex is connected to another vertex. Therefore the palette graph of the diagram is a 2-component graph.
In the case that the vertices colored by 0, a are connected and the vertices colored by b, c, d are connected as shown in Figure 8 , we obtain the cases that Im(γ) = {0, 1, 2, 3, 5} and {0, 3, 5, 6, 7}. The following is our second main theorem. We first consider the case that Im(γ) = {0, 1, 2, 3, 4}. We start with deleting the crossings colored by {4|4|4} as illustrated in Figure 11 . In the figure, 3(2) and 2(0) indicate two cases of the colors of the corresponding arcs, that is, when one is 3 (resp. 2), then the other is 2 (resp. 0). Now, since 4 is the maximum in Im(γ), the arc colored by 4 must be an under arc at any crossing. Then we will delete the crossings colored by {4| * | * } as follows.
In the case that the diagram has colored crossings shown in Figure  12 , we transform the diagram and the coloring as shown in Figure 13 or 14. In the case that a crossing colored by {4|3|2} exists, we transform the diagram and the coloring as illustrated in Figure 15 and 16. Consequently we obtain a simple Z-coloring. From Theorem 4.2, we see that mincol Z (L) = 4.
In the case that Im(γ) = {0, 1, 2, 3, 5}, first we delete crossings colored by {5|5|5} as shown in Figure 17 . Then we see that the diagram is colored by {−1, 0, 1, 2, 3}. We add 1 to all the colors, and then we obtain the colors {0, 1, 2, 3, 4}. Then we reduce this case to the case of Im(γ) = {0, 1, 2, 3, 4}, and we see mincol Z (L) = 4.
In the case that Im(γ) = {0, 2, 3, 4, 5}, we add −5 and multiply −1 to all colors for γ. Then this case is reduced to the case of Im(γ) = {0, 1, 2, 3, 5}.
In the case that Im(γ) = {0, 3, 4, 5, 6}, the palette graph associated with γ is shown in Figure 19 . Then we obtain another Z-coloring γ such that Im(γ ) = {2, 3, 4, 5, 6}. We add −2 to all the colors for γ . Then we regard that this case is equivalence to the case Im(γ) = {0, 1, 2, 3, 4}.
In the case that Im(γ) = {0, 1, 2, 3, 6}, we add −6 and multiply −1 to all colors for γ. Then this case is reduced to the case of Im(γ) = {0, 3, 4, 5, 6}.
In the case that Im(γ) = {0, 1, 2, 4, 7}, the palette graph associated with γ is shown in Figure 22 . First we delete a crossing colored by {0|0|0}. We transform the diagram and the coloring depicted in Figure 23 . In the figure, 1(2) and 2(4) indicate two cases of the colors of the corresponding arcs, that is, when one is 1 (resp. 2), then the other is 2 (resp. 4).
Figure 23.
Next we delete a crossing colored by {0|2|4}. We transform the diagram and the coloring as follows.
[1] In the case that, on the extension of the arc colored by 0, a crossing colored by {0|2|4} exists, we transform the diagram as shown in Figure  24 . After transformations [1] and [2] , we obtain a palette graph as shown in Figure 26 . Then we obtain another simple Z-coloring γ such that Im(γ ) = {0, 1, 2, 3, 4, 5}. From Theorem 4.2, we see mincol Z (L) = 4.
In the case that Im(γ) = {0, 3, 5, 6, 7}, we add −7 and multiply −1 to all colors for γ. Then this case is reduced to the case of Im(γ) = {0, 1, 2, 4, 7}.
Consequently we have completed our proof of Theorem 5.4.
Links with simple Z-colorings
In this section, we present diagrams of the links with at most 10 crossings with simple Z-colorings. We first use the diagrams given in [1] . For each link, if the diagram admits only a non-simple Z-coloring, then we modify it to admit a simple one. 
